Abstract. In BST99] the collapse result theorem was proved for locally generic queries over ordered domain with Pseudo-nite Homogeneity Property.
Introduction
Database relations (tables) are always going to be nite. However, it is often convenient to assume that there is an in nite domain|for example, the integer or rational numbers or the strings|such that the data elements are chosen from this domain. Functions and relations de ned over the entire domain, like < and +, may also be used in querying, for example, if the language of rst-order logic FO is used as the query language, its formulas may use the database relations as well as the domain relations, while variables range over the entire domain.
More formally, a structure of a relational signature L is a non-empty set with a mapping that assigns to every relational symbol in L a relation of the same arity over the set. Let U be an in nite structure over the signature L. This structure is called the universe. In this paper, we always consider ordered universes. This means that L includes a binary relational symbol < whose interpretation in U satis es the axioms of linear order. Let us denote L 0 = f<g. A database scheme SC is a nite collection of relational symbols of xed arities. A database state (over U) is an assignment to these relational symbols of concrete relations of corresponding arities over U. These A database query can formally be de ned as a mapping that takes in a database state (of a xed database scheme), and produces a new relation, of a xed arity, over U. Thus, every query has an arity. Speci cally, queries of arity 0 are called Boolean queries. A Boolean query de nes a mapping from database states to f0; 1g, or, in other words, a set of database states of a given database scheme.
Queries can be formulated using query languages, the simplest being the language of rst-order logic FO. Formulas (queries) of this language use =, as well as the relational symbols of the signature and of the database scheme. Thus, a database state essentially de nes a structure of a larger signature with U as the domain; then a formula with n free variables de nes an n-ary relation over U; sentences de ne Boolean queries. We say that two L + -formulas with n free variables are equivalent over nite states over U if they de ne the same n-ary query. Speaking informally, for querying, the restricted query language uses stored information only but the extended one also uses a general knowledge, for example, the knowledge of the addition of the natural numbers in the case when the universe is (N; <; +).
We will also use a notion of a locally generic query. It was proposed in BDLW96]. A k-ary query Q is said to be locally generic over nite states if a 2 Q(s) i f( a) 2 Q(f(s)), for any partial <-isomorphism f : X ! U with X U, for any nite state s over X, and for any k-tuple a in X.
The problem we are interested in the paper is: does the general knowledge improve the expressive power of the locally generic queries over nite states?
The problem was considered in a lot of papers. See BST99] for the history and the bibliography. The answer is negative in many cases. Usually the theorem that the answer is negative for a universe is called the collapse result or the collapse theorem for the universe.
A su cient condition for the collapse result was proposed in BST99]. It is the Pseudo-nite Homogeneity Property. In BB98] the collapse result was proved for universes without the independence property. It was proved in BB98] that for any universe U without the independence property, there is a P-reducible for L small (M; I) such that M U. It was proved in BB98] that for any universe U without the independence property, there is a P-reducible for L small (M; I) such that M U.
Using my version of Theorem 5.1, I prove that if for a universe U there is a P-reducible for L small (M; I) such that M U, then for any Boolean extended -query which is locally generic for nite database states over U, there is a restricted -query which is equivalent to over nite database states over U.
Indeed, for universes without the independence property, a version of the Pseudo-nite Homogeneity Property holds.
We use the notation from BST99].
For an arbitrary signature L, an L-theory is de ned to be a set of rstorder L-sentences (that is, formulas of signature L without free variables). For a class K of structures of an arbitrary signature L (in symbols, Lstructures), the rst-order L-theory of K (in symbols, Th(K)) is de ned to be the set of all rst-order L-sentences which hold in every structure in K. Two L-structures M and N are called elementarily equivalent (in symbols, M N), if holds in M i holds in N, for any L-sentence . An L-theory T is said to be complete if all its models are elementarily equivalent.
Let be a database scheme fR 1 ; : : :; R n ; c 1 : As we will use the standard technique of so-called special models, we summarize its basic de nitions and facts (see CK90] for detail). Proof.
(1))(2). Suppose is equivalent to a restricted query , for nite database states over U. Then $ is in F(U; ) and so in F(V; ), for every V U. As , being restricted, is generic even for all states over V , the genericity of for pseudo-nite states in V follows. By an order formula we mean a quanti er-free formula in order and equality. We write ( x; y) to denote that any free variable of formula appears in x; y.
De nition 2.1. Any L-formula is P-bounded. If and are P-bounded, then ( & ), ( _ ), : , (8x 2 P) , and (9x 2 P) are P-bounded.
De nition 2.2. A small (M; I) is called P-reducible for L (for (L; P)) i for every L-formula (P-bounded (L; P)-formula) ( x; y), there is an order formula ( w; y) such that for every m there is a c m 2 I such that (8 y 2 P)( ( c m ; y) ( m; y)):
De nition 2.3. A formula ( x; y) is called independent in M i for any natural n there exist a 1 ; : : :; a n in M such that for any I f1; : : :; ng, there exists b I in M such that ((M; a i ; b I ) j= ( a i ; b I )) , i 2 I:
A theory has the independence property i the theory has a model with an independent formula.
Theorem 2.4 (Baldwin and Benedikt, BB98] ). Any small model (M; I) where M is a model of a theory without the independence property is Preducible for L.
Theorem 2.5. If a small model (M; I) is P-reducible for L, then the model is P-reducible for (L; P). Proof. Suppose that for ( x; y; z), there is an order formula ( w; y; z) such that for every m there is a c m 2 I such that (8 y 2 P)(8z 2 P)( ( c m ; y; z) ( m; y; z)):
Then (8 y 2 P)((8z 2 P) ( c m ; y; z) (8z 2 P) ( m; y; z)):
Theorem 2.6. If for a universe U there is a P-reducible for L small (M; I) such that M U, then for any Boolean extended -query which is locally generic for nite database states over U, there is a restricted -query which is equivalent to over nite database states over U. Proof. We use theorem 2.1. Let (M; I) be a P-reducible model, be a uncountable power with = , M U, be a Boolean extended -query, which is locally generic for nite database states over U, and let (N; J) be a special model of power such that (N; J) (M; I). We have to prove that is generic over pseudo-nite states over J in N. Let s and s 0 be pseudo-nite states over J in N, and let g be an automorphism of N such that g(s) = s 0 . We have to prove that (N; s) j= , (N; s 0 ) j= :
It su ces to prove that Duplicator has a winning strategy in the Fra ss eEhrenfeucht n-game for any number n of the steps of the game. Note that g may not keep J. But the restriction of g to the active domain of s can be extended to an automorphism h of (J; <).
Indeed, any special model is !-saturated. So (J; <) is !-saturated. Therefore for any u < v from J, there is an automorphism h u;v of (J; <) such that h u;v (u) = g(u) and h u;v (v) = g(v). For any u < v from J, we x such an automorphism h u;v .
The active domain of s is pseudo-nite (Lemma 5.5 from BST99]). So for any x 2 (J n AD(s)) there are u and v in AD(s) such that either u is minimal in AD(s), v is maximal in AD(s), and either x < u or v < x, or u < x < v, there is no element of AD(s) between u and x, and there is no element of AD(s) between x and v. We put h(x) = h u;v (x).
For j 6 n, we de ne nite sequences a and a 0 of elements of N n J, and a natural number k j by induction. By the de nition, k j is the length (the number of all the elements of the sequence) of a after the step j. The length of a 0 is equal to the length of a. Let k 0 be 0.
For i = 1; : : :; k j , let h j (a i ) = a 0 i , and let h j (i) = h(i) for any i 2 J. So h j maps J fa 1 ; : : :; a k j g onto J fa 0 1 ; : : :; a 0 k j g. Suppose h j preserves any P-bounded (L; P)-formula.
Suppose Spoiler starts a new round j + 1 of the game and chooses an element b j+1 2 (N; s) (or b 0 j+1 2 (N; s 0 ) ).
If the chosen element belongs to J, we put k j+1 = k j . In this case we put b 0 j+1 = h(b j+1 ) (or we put b j+1 = h ?1 (b 0 j+1 )).
Suppose the chosen element does not belong to J. Consider the case Spoiler chooses an element in (N; s). Another case is considered similarly.
We put k j+1 = k j + 1 and a k j+1 = b j+1 .
We have to choose a 0 k j+1 = 2 J such that h j+1 is an elementary map from (N; J) to (N; J).
For any P-bounded (L; P)-formula ( x; y) the free variables of which are in x; y where x is a k j+1 -tuple of variables, we choose an order formula ( w ; y) and a tuple c of elements of J such that (8 y 2 P)( ( c ; y) ( a; y)) holds in (N; J).
The set of all the elements of all the chosen tuples is countable. It follows from the de nition of (N; J) that the structure is @ 1 -saturated. Thus there is a 0 k j+1 = 2 J such that (8 y 2 P)( (h( c ); y) ( a 0 ; y)) holds in (N; J) for any . We are done.
Theorem 3.1. Let M be a model of T and an in nite set I be an indiscernible sequence in M. Suppose the rst-order theory of a universe U has the (M; I)-Pseudo-nite Homogeneity Property. Let an extended query be locally generic over nite states over U. Then is equivalent over nite states over U to a restricted query.
The proof of theorem 3.1 is the same as the proof of Theorem 5.4 in BST99].
De nition 3.2. Let The proof of Theorem 2.6 proves Theorem 3.3.
